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Abstract
We exploit an operational method, recently introduced by the authors, to derive families of generating
functions of ordinary and generalized Bessel functions.
c© 2004 Elsevier B.V. All rights reserved.
1. Introduction
This paper is aimed at 5lling a gap, which has been left open by the authors, in their previous
treatment of operational methods applied to summation formulae of Bessel type functions [2].
We will indeed consider the case
G(x; t|m) =
∞∑
n=0
tn
n!
Jmn(x); (1)
where Jn(x) is a cylindrical Bessel function [1] and m an integer.
Before getting into the speci5c subject of the paper, we remind some auxiliary functions and
polynomials of crucial importance for our purposes.
The polynomials
H (m)n (x; y) = n!
[n=m]∑
r=0
xn−mryr
r!(n− mr)! (2)
are usually referred as Kamp<e de F<eri<et [4] Gould-Hopper [6] polynomials and can be easily shown
to satisfy the property
anH (m)n (x; y) = H
(m)
n (ax; a
my): (3)
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The above family of polynomials is a quasi monomial, according to the notion of Ref. [5] and
can be therefore used as a basis to de5ne new classes of functions [5].
The H -based Bessel functions can be de5ned as [2]
HJn(x; y;m) =
∞∑
r=0
(−1)rH (m)n+2r(x; y)
2n+2rr!(n+ r)!
: (4)
Along with the Bessel function, summation formulae of Ref. [2] has been played by the so called
Tricomi-functions(3)
Cn(x) = x−n=2Jn(2
√
x)
=
∞∑
r=0
(−1)rxr
r!(n+ r)!
; (5)
whose corresponding H -based version writes
HCn(x; y;m) =
∞∑
r=0
(−1)rH (m)r (x; y)
r!(n+ r)!
: (6)
Finally by recalling that the polynomials H (m)n (x; y) are de5ned through the operational formula
[2]
H (m)n (x; y) = exp
(
y
@m
@xm
)
[xn]; (7)
we can conclude that
HJn(x; y;m) = exp
(
y
@m
@xm
)
Jn(x);
HCn(x; y;m) = exp
(
y
@m
@xm
)
Cn(x): (8)
In the forthcoming section we will see how the use of H -based Bessel-type functions yields closed
expressions for the summation formula of Eq. (1).
2. Summation formulae
The starting point of our analysis will be the well-known identity [1][
1
x
d
dx
]k
(x−lJl(x)) =
(−1)k
xk+l
Jl+k(x): (9)
By assuming, for the moment, l= 0 and k = mn we get, from Eq. (8)
∞∑
n=0
n
n!
[
1
x
d
dx
]mn
J0(x) =
∞∑
n=0
(−1)mn
xmn
n
n!
Jmn(x); (10)
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or what is the same
∞∑
n=0
(−1)mn
xmn
n
n!
Jmn(x) = exp
[

(
1
x
d
dx
)m]
J0(x): (11)
We can now let x =
√
w in the l.h.s. of Eq. (10), thus 5nding
exp
[

(
1
x
d
dx
)m]
J0(x) = exp
[

(
2
d
dw
)m]
J0(
√
w): (12)
According to Eqs. (5) and (8) we 5nd
exp
[

(
2
d
dw
)m]
J0(
√
w) =
(
HC0
(w
4
; 2−m;m
))
: (13)
Going back to the original variable and setting = (−1)mxmt, we 5nally get
∞∑
n=0
tn
n!
Jmn(x) =
(
HC0
(
x2
4
; 2−m(−1)mxmt;m
))
; (14)
which is the main result of the paper.
By noting that
H (1)n (x; y) = (x + y)
n; (15)
we recover the well-known result [1]
∞∑
n=0
tn
n!
Jn(x) = C0
(
x2 − 2xt
4
)
= J0(
√
x2 − 2xt): (16)
In the following concluding section we will discuss further examples supporting the validity and
the generality of the proposed method.
3. Concluding remarks
In the previous section we have dealt with the summation formula (1) which can be immediately
generalized as
Gl(x; t|m) =
∞∑
n=0
tn
n!
Jmn+l(x): (17)
By assuming l integer and using the identity [5]
exp
(

dm
dm
)
[lCl(x)] =
(
+ m
dm−1
dm−1
)l
[HCl(x; ;m)]; (18)
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we 5nd, after exploiting the same method as before
exp
[

(
1
x
d
dx
)m]
Jl(x) = exp
[

(
2
d
dw
)m] [(w
4
)1=2
Cl
(w
4
)]
=
(
w + 2mm
(
d
dw
)m−1)1=2 (
HCl
(w
4
; 2−m;m
))
; (19)
we are now faced with the problem of acting the operator
Bˆl;m =
(
w + 2mm
(
d
dw
)m−1)1=2
(20)
on the Tricomi function, albeit this is rather complicated in general terms as it will be discussed
elsewhere, we note that if l is even (l= 2p) and m= 2 we can use the Burchnal rule thus 5nding
[5]
Bˆ2p;2 =
p∑
s=0
(
p
s
)
(8)sHp−s(w; 4)
ds
dws
(21)
which can be exploited to get
p∑
s=0
(
p
s
)
(−2)sHp−s(w; 4)
(
HC2p+s
(w
4
;

4
))
: (22)
The 5nal problem we will discuss in this paper is the derivation of addition formulae of the type
(x; t|m) =
∞∑
n=0
tnJmn(x): (23)
By proceeding as before we get
∞∑
n=0
(−1)mn
xmn
nJmn(x) =
1
1−  ( 1x dd x)m J0(x): (24)
We use the integral identity
1
A
=
∫ ∞
0
exp(−sA) ds (25)
to specify the action of the operator on the r.h.s. of Eq. (25) on the 0th order cylindrical Bessel
function, we get indeed
1
1−  ( 1x dd x)m J0(x) =
∫ ∞
0
exp
[
−s
(
1− 
(
1
x
d
dx
)m)]
J0(x) ds; (26)
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thus getting∫ ∞
0
exp
[
−s
(
1− 
(
1
x
d
dx
)m)]
J0(x) ds
=
∫ ∞
0
exp
[
−s
(
1− 
(
2
d
dw
)m)]
J0(
√
w) ds
=
∫ ∞
0
exp(−s)
(
HC0
(w
4
; 2−ms;m
))
ds: (27)
We note now that∫ ∞
0
exp(−s)H (m)n (x; ys) ds= e(m)n (x; y) (28)
e(m)n (x; y) = n!
[n=m]∑
r=0
xn−mryr
(n− mr)! : (29)
The polynomials e(m)n (x; y) reduce to truncated exponential polynomials for m=1 and y=1, their
properties have been studied in Ref. [3] and their generating function writes
∞∑
n=0
tn
n!
e(m)n (x; y) =
exp(xt)
1− ytm : (30)
It is therefore evident that
∞∑
n=0
(−1)mn
xmn
nJmn(x) =
(
eC0
(
x2
4
; 2−m|m
))
; (31)
where
eCn(x;y|m) =
∞∑
r=0
(−1)re(m)r (x; y)
r!(n+ r)!
: (32)
Therefore we end up with
∞∑
n=0
tnJmn(x) =
(
eC0
(
x2
4
; 2−m(−1)mxmt|m
))
; |t|¡ 1: (33)
In a forthcoming paper, we will dwell with further results involving sum of bilateral type.
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